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THE STATISTICS OF A DENSITY FIELD OF KRILL AGGREGATIONS
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Abstract

Simple relationships expressing the dependence of
relative sampling error -in a biomass estimate (from a
survey) on the statistical characteristics of the fish
concentration density field and on parameters .of the
survey itself, have been derived with the help of
mathematical statistics and methods of calculus of
probabilities. .The biomass estimate is determined as
the product of the average density for the region under
examination and the area of this region. For a
hydroacoustic survey, the anisotropy parameters
correlation radius along transects and coefficient of
variation serve as field characteristics on which the
error depends. " The direction of the survey with respect
to the axis of the correlation ellipse and the frequency
of transects (sections) serve as survey parameters. The
relationships described here can be used in practice for
both a posteriori estimation of the error made when
calculating the biomass, and for survey planning on the
basis of a priori estimates of the statistical
characteristics of the concentration density field.
These might provide a basis for the operative control of
surveys.

Résumé

La statistique mathématique et les calculs de
probabilités ont permis d'établir des relations simples
exprimant la dépendance de l'erreur relative
d'échantillonnage dans l'estimation de la biomasse (a
partir d'une prospection) sur les caractéristiques
statistiques du champ de densité des concentrations de
poissons et sur les paramétres de la prospection néme .
L'estimation de la biomasse est déterminée comme étant
le produit de la densité moyenne pour la région examinde
et la superficie de cette région. Pour une prospection
hydroacoustique, les paramétres d'anisotropie, le rayon
de corrélation le long des transects et le coefficient
de variation servent de caractéristiques de terrain dont
dépend l'erreur. La direction de la prospection quant a
1'axe de l'ellipse de corrélation et la fréquence des
transects (sections) servent de paramétres de
prospection. Les relations ici décrites peuvent étre
utilisées en pratique a la fois pour une estimation a
posteriori de l'erreur faite en calculant la biomasse et
pour la préparation de prospections sur la base
d'estimations a priori des caractéristiques statistiques

~du champ de densité des concentrations. FRlles peuvent
fournir une base pour le contrble opératoire des
prospections.
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Resumen

Se han deducido correlaciones simples que expresan la
dependencia del error relativo de muestreo en la
estimacidén de biomasa (obtenida de una prospeccidn) de
las caracteristicas estadisticas del campo de densidad
de las concentraciones de peces y de los parametros de
de la prospeccidén en si, utilizdndose la estadistica
matematica y los métodos de calculo de probabilidades.
~La estimacion de biomasa se determina como el producto
de la densidad promedio para la regioén bajo estudio y el
area de esta regidn. Para una prospeccion
hidroacustica, los parametros de anisotropia, el radio
de correlacidn a lo largo de secciones transversales y
el coeficiente de variacidn sirven como caracteristicas
de campo de las cuales depende el error. La direccién
de la prospeccidén con respecto al eje de la elipse de
correlacidén y la frecuencia de las secciones
transversales sirven como parametros de prospeccién.
Las relaciones aqui descriptas pueden ser usadas en la
practica para una estimacién a posteriori del error
cometido al calcular la biomasa, asi como para la
planificacién de una prospeccidén sobre la base de
estimaciones a priori de las caracteristicas
estadisticas del campo de densidad de las
concentraciones. Las mismas podrian proporcionar una
base para el control operativo de las prospecciones.

Pediome

llpocThie COOTHOIMEHMA,  BhHipaXawue 3aBUCHUMOCTL
OTHOCHTEJILHOH OIM6 KU BLIGODKYU Mpu olleHKe
6uomacchl (110 JAaHHBIM CBHEMKH) OT CTATHCTHUYECKHUX
XapaKTEepPHCTHK TMOJA IJIOTHOCTH KOHIEHTPAlHi PBIGH
M OT HnapamMeTpoB caMO# CHEeMKH, ObIM BHIBEAGHH C
MOMOIBLIO MaTeMaTHYeCcKOoW CTATUCTUKH U MeToha
pacyeToB C YYETOM Teopuu BeposaTHocTeit. OueHKa
6uoMacchl onpepenseTcsa KaK HNpoOHU3BeZeHUe CpepHei
NAOTHOCTH II0 pacCcMaTpMBaeMOMy PaiOHY M MJjowangu
3TOTO paioHa. B cliyvae rU¥poaKyCTHUYECKOM
ChEMKH napame T pbl aHU3O0TPONUH, pajguyc
Koppensauu4d  BAOJb pa3pe3oB u Ko 3ppu{HeH TH
BApPUHATHUBHOCTH CJIYXaT XapaKTepPUCTHUKaMH HOJisA, OT
KOTOPHIX 3aBUCUT omubka. HanpaBlieHUe CBEMKH MO
OTHOWEHMIO K OCH KOPPGJAUUOHHOIO DJUIHIICA U
yacToTa pa3pes3oB (cekuuit) cayxkaT napamMeTpaMu
cpeMkd. OnucaHHbie 3/IeCh COOTHOMIEHWN MOTYT Ha
NpaKkTHKE MCHONIL30BAThCA Kak  JidA [ocleiyriuero
onpepeneHus omubKy, CAeNAaHHO® IMPY BHIYUCIEHHH
BeJIMYUHE 6HOMACCh, TaKk ¥ ANA IJIAaHUPOBAHHUA
CHEMOK Ha OCHOBE npeABapUTENBHOR OL{EHKH
CTAaTUCTHUYECKHX  XaPaKTEPHUCTHK [OJA IJIOTHOCTH
KOHLeHTpauuu. IDTO MOXET CTATh OCHOBOH pug
onepaTUBHOrO KOHTPOJIT HNpd NPOBEfleHHH CHEMOK.
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1. Introduction

Estimates of fishing objects biomase are the main result of
‘hydroacoustic and trawl surveys. Since these estimates cause a
certain effect on making decisions which very often have a con—'
siderable economic and ecological meaning, it is necessary to
supply them with confidence intervals indicating the limits of
possible errors with desired prébability. Thus, it is important
to find out oh whioch parameters of survey and statistical charac-
teristics of fishing objects the error of the obtained blomass
estimate might depend and how this dependence can be expressed
mathematically with account for the probabiiity nature of the
egtimate in question.

If such a dependence has been revealed, it would be possible
to solve an inverse and quite important from the practical point
of view problem of determining parameters of optimal survey allo-
wing ud to estimate biomass, the error of which dbea not exceed
the defined level with desired probability.

This paper is devoted to all these problems.

2., Basic relationships

Let us at first confine to the easiest and most widespread

method of estimating biomass B in a region under consideration:
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B=jZ)'S, where S is region area, and JL_)' is average surface
density of concentartions in it, determined using materials ob-
tained through "instant™ (i.e. rather short in time) regular sur-
vey. In this case, if not to consider the so-called errors of
measurement (which can be assumed as known) introduced by the
method of obtaining initial information, one should regard re~
lative error O of estimate B as a sampling relative error

of the estimate of average density jaﬁ. In case of hydroacous=-
tic survey, neither B s DOT & do depend on integration inter-
val (if using an echointegrator). That is why in this context

echo surveys can be congidered similarly to trawl surveys, assu-
ming that in case of both these types of survey the choice of
information is performed in knots (intersections)of a regular
‘rectangular grid covering the region under examination, with steps
/Zz and /g ; along coordinate axes Z' and é{ , connected with ’
direction of survey (for short, these points will be called knots).
The difference between them lies in the fact that in case of trawl
survey steps 5 and ﬁ;{ are usually close to each other in ﬁheif
values Lﬁ 4w¢f ) s, While in case of echo survey one of the steps
(further on A. ) corresponding to the .distance covered by a
‘vessel between two successive echo pulses, is much leass that the
other one ( ;5 ) which represents a distance betweentransecl¢(sec-
tions) Ar«ﬁy'

In the majority of cases fishing objects concentration den-
sity fields have & typical patch-like struéture, at the same time
certain patches with a higher density have irregular shapes, are
arranged in disorder (they can get rearranged in big aggregations

or drift apart at distances considerably exceeding their own sizes);
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denslity within one patch, as well as its shape, are subject to
random perturbations. Thus when speaking about "instant®™ survey
of a large aquatorium, in the first approximation one can consider

concentration density /9 as a stationary, i.e. independent on

time, homogeneous random field.

Isotropic fields

Lot us at first assume that field O(Z,4) 1is an isotropic
one. This is typical of concentrations density fields in open

- ocean regions, far from shelves, jet currents, equator and other

physio-geographical factors which can give rise to the existing
gpecified directioné. Homogeneous isotropic field JO has got one
and the same dispersion lgf for all its points, and its normali-
zed correlation function /4;charapterizing statisticél inter-
dependency of f) values in any two points, depends itself only
on distance 7 between them: A: ,4("1) » Correlation radius R .
the minimum distance at.which correlation between density values
becomes negligible, is & vividcharacteristic of field qorrelation
properties (i.e. of the function /Q). In the general case, this
radius depends on direction, but for isotropic field /?=C0ﬂ3t,
80 all points in which density correlates with density in a fix-
ed point, are in fact concentrated within the circle of radius /?
(called correlation circle) with its centre in this fixed point.
We shall need two more values besides /? :

a =—%—//4(z)dxdé{ ——zf'z/l(z)d'z (1)
R
azr_ﬁf—&/‘/]('l)d'l. | (2)
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These values represent integral average values of A over
correlation circle @ and correlation radius, respectively.

Finally, we shall assume values Ax s /é} and R to be small

enough as compared to the size of region under examination (in
reality, it is exactly the situation). This will allow us to
consider all knots as "equal in rights", neglecting differen-
ces between internsl points and those belonging to boundary st-
rip.

According rthrelation, well-known in mathematical statis-
tics, dispersion cD«- of the estimate of average density jo

f),//v calculated for all knots ( /' 1is the general num-
ber of krnots), is expressed by the double sum

2 sz jZ Ky (3)

where /\/ D /4(’2 ) are correlation moments of field _/0 for
the & -th and j—-th knots, "J is the distance between
these knots. One can replace /V—'S/ /L; in (3) (note that in
case of arbitrary configuration of the region under exemination,
this relationship is, generally speaking, approximate, though
it is as accurate as smaller the steps Lz and é, are). Ta-
king into account "equality in rights™ of all knots one can
fix any internal knot with number i ; then using the fact
that the field P is isotropic, the formula (3) can be rewrit-

ten in a different form

D /z’ A Z/I{z -
ARG | (4)
In case of trawl survey stations are usually installed far-

between, thus, by the order of magnitude grid steps are no less

than the correlation radius: £$ ZR, ﬁy,z’ R . In this case
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A (’Zﬁ- )=1 (as 7Z;; =0), end at [#] all values of A/zq)
ere practically zero, so from (4) we obtain:
=D h h
LoE /S (5)

This relatioship written in the form v‘Df—; =Dj°/A/ is well-
known and often used when processing independent experiments
(see, for example, Venttsel, 1962).

In the other limiting cese which seems to be not ever rea
lized in practice and which, however, is very important for
understanding the main results of the work, when /q, <R and
ﬁ_ &R , expression /;. /i ZZ A/’Z ) being a part of (4),
can be replaced with high acourncy by integral of A over
correlation circle. In other words, using (1), the equality (4)

can be rewritten in the form:
P4
=ma D R/S.
"Z),o TP (6)

Hydroacoustic survey occuples an intermediate position
between the two abovedescribed cases: now Ax «R , Ay = /Q ,
and thua, density in the { -th knot correlates only with den-
sity in knots located on the same trackat a distance”no more
than A . That is why, when replacing expression A ZA( )/2 by
the integral of 4 over correlation radius, we obtain out of

(1) and (4) :

D, =2a, @fR/L#/S. -

Since estimate of average density ﬁ is a random value
distributed according to a normal law (A/is large), its ab-

solute error & depends on confidence probability ﬁ and
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O_= Vﬂﬁ which is a stendard deviation of P_ s

F
ézZ:ﬁGFH (8)

In (8) Zﬁ:l/z—‘gp—;’ﬁ) and g)—?p) is Laplace's inverse func-
tion of defined confidence probability P ; tables of values
tﬁ depending on J& can be found in any book on mathemati-
cal =statistics,

Thus, passing from & +to relative error 3’:.‘%15, from
(5) - (8) we obtain the following relationships:

at &IZR, ﬁg?.,k (trawl survey)

G-t vVh n,/5, (9)

at ﬁx« R, ﬁ?«k ("superfrequent" survey)

é\l: tﬂ 50‘/@//5, (10)

at /%1.« R, /LyZR (hydroacoustic survey)
5"—‘ Zﬁcvkﬁﬁy/ﬁ, (11)

where 5=l/ﬁ:5, , C=l/2—@‘ and U= 6}/}7 is the variation
coefficient of density field JO » Note that, if correlation
properties of fields under examination are similar, i.e. when
reduced to normalized argumant, Z/R , their correlation
functions coincide, then 5 and C are universal constants.
From (9) - (11) it is clear that the minimum possible er-
ror is practically obtained in case of steps ({x and ﬁ‘%
for trawl survey or A} - for hydroacoustic survey) of the
order of- R (or some less} "superfrequent™ survey is ineffici-

-ent because in this case (expression (10)) the error does not

depend on éi_ and f%} , 1.e. it does not decrease with the
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growth of the number of knots.

Bxpressions (9) = (11)‘represent desired dependsncea of
biomass estimate error on survey parameters and isotroplec fi-
eld statistical charsacteristics. Consequently, when resolving
equality (9) relative to'A;/%¥ . andv(11) - relativs to £ ’
we can obtain mathematical basis for survey optimal planning.
Thus, i1f it .13 neceasary to estimate biomass of fishing objects
in a8 certain region of the open ocean with the help of hydro-
acouatic survey with such accuracy that relative error shouid
not exceed defined level A with probability '}3 . and if a
priori sstimate of U is accurate enmough, then distance between

trmmedsiéy i3 to be taken from the following condition:

| A .S |
b <(Zew) R 1

Anisotropic fields
Up to now we have been discussing isotropies density fields,
Howgver, quite simple geometric considerations allow us to apply
reaulis obtained to aniasotropic fields in which one can szpecify

Lo, .-

two mutualliy

L ol

srpendicular dirsc
¢ene ¢f them correlsation rading ig maximum; and along the other

one - 1t is minimum. Such a situstion occﬁrs, for example, when
survey 1s being carried out in shelf waters where medium, and,

correspondingly, concentration characteristics change insignif-
icantly along the shelf, and change considerably - in pserpendi-
cular dirsction. In this case, correlation circle gets deformed

and becomesa an ellipse, large and small radii of which we shall
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denote as A’N and /\’m « It is olear that now error § ocan
depend on anisoiropy index £=RH/R", 21 and survey dirsction
which we shall definme by angle & between axis & and the
largs axis of corrslation ellipae. Introducing symbola R
'R //:4 Sin‘x+ C03% and R ‘=R /MCM o +INR por oorrelation
radii in directiona of :r— and i — axes, as well as/’/ /Q /Q /‘?
/7/ R R / for the mizes of a’'rectangls with sidas
_being parallel t0 axss I and 5{ and embracing this ellipse,

similarly to the abovedescribed ws obitain three variants of

survey: £ >// and A ,« y ﬁ.z<</'/ and A;«_Hy,
al 4 Anahd S

ix <<Ha: and fly //7 + At the same time ralaticnship (9)

does not change, constants 5 and ¢ remain the same, and

A in (10) 1s replaced by VRH /.Qm + For hydroacoustic sur-
vey (the third variant) we have instead of (11) and (12):

5=t coVRA/S, A L8/t e S/R

fhus when determining the accuracy of biomass estimale one has
%0 know correlation radius only along tranfects Since it depends

on and o, arror O and allowed distance between transecls

alzo depend on this parameters. For example, when n’
pog=)

pondingly, the maximum distance betwsen transelproviding for de-
gired accuracy with defined probability, corrssponds to such a

direction of survey when Ol =90°.

3. Discusseion

One can also present some other generalizatiocne of the
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abovedescribed approach, and, in particular, for non-homogene-
ous fields which can be expanded into sum of deterministic com-
ponent (for short, we shall call it a trend) and homogensous
random component (noise). Bowever, such a generalization demands
more complex mathematical constructions, since, formally, in
this case, the sampling error, that has’already been mentioned
here, is-connected only with the random  component, and, con-
sequently, does not characterize the whole error in bilomass
estimate completely enough. Thus, .if noise were small as com-
pared to trend, the first place would be occupled by the error
caused by the approximate method of estihating biomasa (in this
case ~ by substituting a final sum for double integral of trend).
fbrtunately, as it has already been mentioned, in practice there
usually ‘takea place an inverse relation between deterministic
and random components.

Results of numerical (computer) experiments on simulating
surveys of various isotropic fields of one size Z -VCEiacvnsf
with one and the same step along transecl ﬁxuconsl‘ (Kalikhman
et al., 1986, fig. 2), allow us to realize that dependences
derived here are quite universal; these model fields are repre-
sented by 50x50 numerical matfices and in general have weak
autocorrelation. When analysing these data, 1t is convenient to
use relative distance betweenTransecls 55/4{ instead of Ay.

Survey carried out with the help of this discrete model
can be ihterpreted as hydroacoustlic or trawl survey with sta-
tions installed frequent along fransects - from the abovesaid it

is clear that it depends on correlation properties of fields




- 224 -

being simulated. However, in any case, if error & in biomass
estimate‘obeye dependence (9) or (11), theﬁ (since S ahd ﬁr
are ponstant) values §f==éZ&VA?/Q?, correspomiing to each expe-
riment , should be proportional to ék with coefficient of
proportion constant for evéry field; in this case empirical
probability ‘p is defined as a ratioi?g/ﬁﬁ» of the number73§
of experiments in which §' does not exceed the given level,
and the total number 7 of experiments., Check-up with the help
of these data showed that it is true (see fig.l). Moreover, from
the fig.1 it is clear that relatigship §=% Z, or(which is
the same) O=¢ Z/;UV. /i}/f, where g = 0.15., is satisfied
with food accuracy. Thus, coefficient of proportion is actu-
ally the same for all model fields, deapite the fact that they
have different (in some cases rather significant) trend.

Also note, that in data used (Kalikhman et al., 1986) va-
lue év represents an average error for severgl methods of ea~
timating éS, including via expreasion éS‘jﬁfs, and this me-
ans that relationships similar to those derived in this paper,

are valid for other methods of estimating biomass.

4, Conclusion

"Results mentioned here can be used in practice both for a
posterioriestimationofrelative error in biomase estimate by
>means of survey matherials and for survey optimal planning, i.e.
determining its parameters by already known estimates of field
statistical characteristics, allowed error and desired confi-

dence probability. In last case, if there are not enough a pri-
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ori data of this kind, one can use the method of operative oont-
rol, when all the necessary field characteristics are being de¢-
termined and gradually checked in the course of survey itself,
According to them, on the basis of dependences offered, survey
parameters are chosen and detailed, and survey is gradunally be?
ing trensformed into an optimal regims. In this case, however,
one should take into account the fact that if'this process ta-
kes too long and survey is transformed into optimal regime too
late (or does not have time at all to get transformed into it);
then bilomass estimate error might turn out to be higher than

that desired for defined confidence probability.

References

1. Kalikhman,I.L., Kizner,2.I., Zaripov,B.R., Tesler,V.D.1986.
Choice of distance between tracks of hydroacous-
tic survey. Rybnoe Khoziajstvo, No 9, p. 51=54
(in Russian). /

2. Venttsel E.S. 1962. Calculus of probabilities. State pub-
lishing house of physics and mathematics lite-
rature, Moscow, USSR, 564 p. (in Ruesian).




e ™~
= H *$3\$7 o)
wh*
1 i i

T

E]

o= ™
]

~

KR %X
1

w
I

R

(‘)\.“o“o n D oow
]

o 7p -

- 226 -

List of Symbols

normalized correlation function of the fieldJO
blomass or its estimate

dispersion of the field P

dispersion of FT

grid steps along axes I and 4

anisotropy index

correlation moment

size of a model field

number of the grid knots (mize of a Baﬁple)
correlation radius of an isotropic field
large and small correlation radii

correlation radius in the direction of: tracks
area of the region under survey

variation coefficient

coordinate axes (the survey transecisawparallel to X -axis)

angle betiween axis X and the large axis of the corre-

lation ellipse

conflidence probability

relative sampling error of biomams estimate
desired relative accurancy of a survey
abgolute sampling error of biomass estimate
surface density of concentrations

average density (over the region under survey)
standard deviation of }T

Laplace's inverse function on‘p



- 227 -

t04

F0,2

L o1

L as
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Légende de la figqure

Dépendance de la valeur& =%why/1 sur tg : les points
correspondent a des données experimentales, la ligne droite
est le graphe de 1'équation =0,15t .

Leyenda de la Fiqura

Dependencia del valor§ =&/wh,/1 de tg : los puntos

corresponden a datos experimentales, la linea recta es el
grafico de la ecuacidén =0.15t .

[Tognuce K PHCYHKY

3aBMCHMOCTH BenuuuHbl § =8/v/hy/1 oT tg :
TOYKM - JaHHLIE 3KCHEPUMEHTOB, NpsAMAA JIMHUA -
rpaduk ypaBHeHus = 0,15t .



